Abstract We study the space-times admitting a null conformal Killing-Yano tensor whose divergence defines a Killing vector. We analyze the similitudes and differences with the recently studied non null case (Gen. Relativ. Grav. (2015) 47 1911). The results by Barnes concerning the Birkhoff theorem for the case of null orbits are analyzed and generalized.
Introduction
In a recent paper [1] we have outlined the close relationship between the JebsenBirkhoff theorem [2] [3] and the results by Tachibana [4] and Hugshton and Sommers [5] concerning conformal Killing-Yano (CKY) tensors. We have weakened the hypothesis of the generalized version (see [6] and references therein) of the JebsenBirkhoff theorem by showing that the existence of an additional Killing vector does not necessarily require a three-dimensional isometry group on two-dimensional orbits but only the existence of a CKY tensor. Our study analyzes the non null case in detail, and it gives several levels of generalization of the Jebsen-Birkhoff theorem.
In the present paper we offer a similar study for the null case and show that the space-times admitting a null CKY tensor, whose divergence defines a Killing vector, belong to three classes: the generalized pp-waves, a Λ-generalization of these ones, and a family of conformally flat metrics. Our study allows us to analyze and generalize the Barnes results which extend the Jebsen-Birkhoff theorem to the case of null orbits [7] [8] . We also compare the results with the non null case considered in [1] . This paper is organized as follows. In section 2 we summarize some concepts and known properties of CKY tensors, and we analyze in detail the integrability conditions when the CKY tensor A is a null two-form and Z 1 = δA and Z 2 = δ * A are Killing vectors. The non degenerate case Z 1 ∧Z 2 = 0 is studied in section 3, and we show that the metric is conformally flat and could be interpreted as a radiation pure deformation of a curvature constant space-time. In section 4 we study the case Z 1 ∧Z 2 = 0 (when a Killing Yano tensor A exists) which leads to two subcases: if A is a covariantly constant two-form we have the generalized pp-waves [9] and, otherwise, we obtain the Siklos class of solutions [10] , which are pure radiation fields with cosmological constant and conformal to pp-waves. Section 5 is devoted to analyzing the results by Barnes on the space-times admitting a three-parameter isometry group with two-dimensional null orbits. After discussing our results, we will apply them to extend and interpret Barnes issues.
Here we work on an oriented space-time with a metric tensor g of signature {−, +, +, +} and metric volume element η. The Riemann, Ricci and Weyl tensors, and the scalar curvature are defined as given in [11] and are denoted, respectively, by Riem, Ric, W and R. For the metric product of two vectors we write (X, Y ) = g(X, Y ). If A and B are 2-tensors, A · B denotes the 2-tensor (A · B)
For a vector X and a (p+1)-tensor t, i(X)t denotes the inner product, [i(X)t] p = X α t αp , the underline denoting multi-index. And if ω is a (p+1)-form, δω denotes its exterior codifferential, (δω
2 On space-times admitting a null CKY tensor A A two-form A is a conformal Killing-Yano tensor if, and only if, its associated self-dual two-form A = 1 √ 2 (A − i * A) satisfies the CKY equation, which can be written as [12] :
where * is the Hodge dual operator. The 4-tensor G is the endowed metric on the 3-dimensional complex space of the self-dual two-forms, G = 1 2 (G − i η), G being the metric on the space of 2-forms, G αβγδ = g αγ g βδ − g αδ g βγ .
The integrability conditions of the CKY equation (1) Finally, a standard tensorial calculation leads to the following constraint which completes the integrability conditions to the CKY equation: 
Moreover, equation (2) becomes:
We have A 2 = 0. Then, from (1) we obtain (∇A, A) = 0, which leads to A(Z) = 0 and i(Z)∇A = 0. On the other hand, from (5), and considering that every selfdual two-form commutes with every anti-self-dual one, we have [∇Z, A] = 0. This condition together with i(Z)∇A = 0 imply L Z A = 0. So we get:
And then, the first equation in (6) implies:
Now, from the integrability condition of the Killing equation,
and taking into account (3), (4), (5), (6), (7), we obtain:
On the other hand, (Z, Z) = 0 implies i(Z)∇Z = 0, and with (5) and (6) lead to:H (Z) = 0 .
If we derive (10) and take into account (5) and (9), we obtain:
Now if we calculate the trace of this last equation and we consider that A is a null 2-form, (A, A) = (Ā,Ā) = 0, we arrive to (H,H) = 0, and thenH 2 = 0. Moreover, A(Z) = −bℓ. Consequently (11) becomes:
From now on we consider two cases which lead to two different families of metrics.
Solutions with Z ∧Z = 0
This condition is equivalent to b = 0, and then we can introduce a new m by the change m − a b ℓ → m. With this choice we have Z = −bm, and a unique null base {ℓ, k, m,m} is determined. Then (10) impliesH(m) = 0 and, consequently, H = βk ∧ m. Now (12) states:
Thus, the space-time is conformally flat. Moreover, if σ = 0, (9) implies d Λ = 0 and b =b, and then β is a real scalar, 3β = b 2 . In this case (5) becomes
and consequently, i(Z)∇Z is a real vector, that is [Z,Z] = 0. On the other hand, from (6) we have L Z A = 0, and (1) and (14) imply LZ A = 0. Thus, if we consider the real Killing vectors Z i defined by √ 2Z = Z 1 + i Z 2 , we can state: In order to study the metric line element of the space-times considered in proposition 3, we can expand equations (1), (9) and (14) by taking into account
Proposition 3 Let us consider a non constant curvature space-time admitting a null conformal Killing-Yano tensor
Then, after a standard tensorial calculation, we obtain the following exterior system for the null co-base {ℓ, k, m,m}:
From this system we have that a coordinate system {u, v, ξ,ξ} exists such that:
where α = α(u, v), b = b(u, v) are submitted to the equations:
and where prime and dot denote differentiation with respect to u and v respectively. We can easily integrate these equations and we obtain:
Now we can introduce a new coordinateũ defined by dũ = h(u) d u. Then, again denotingũ as u, we have α = [v + f (u)] −2 and Λ = 6f ′ (u), and we arrive to the following.
Theorem 1 For the space-time admitting a null conformal Killing-Yano tensor
A such that Z 1 ≡ δA and Z 2 ≡ δ * A are Killing vectors verifying Z 1 ∧ Z 2 = 0, the metric line element is given by
And the Ricci tensor takes the expression:
Note that the statement of this theorem includes the metrics of constant curvature which correspond to d Λ = 0, σ = 0, and f (u) = 
ξ is a CKY tensor of the flat metric, in accordance with the known invariance of the CKY equation by a conformal transformation [14] .
Remark 2 Note that metrics (20) may be interpreted as a deformation of the space-times of constant curvature. When the function f ′′ (u) does not vanish, we have a pure radiation solution with a Λ-term depending on the null coordinate u, Λ = 6f ′ (u). The radiation term in the energy tensor, T r = σℓ⊗ℓ, never corresponds to a Maxwell solution. Indeed, the Maxwell null fields with fundamental direction ℓ are F = ζ(u, ξ)φ −3 A, with an associated electromagnetic energy T m = ζζφ −6 ℓ⊗ℓ, which is not compatible with the expression (21) of σ.
Remark 3
In the non null case studied in [1] , condition Z 1 ∧Z 2 = 0 leads to a family of metrics (of Petrov-Bel type D or type O) containing the generalized C-metrics. A more detailed analysis shows that the conformally flat case is not compatible in this regular case. Nevertheless, in the null case studied here, only the conformally flat case is possible. Even so, proposition 3 shows the great similarities between the two cases. Indeed, properties (i) and (ii) hold in both the null and non null cases. Moreover, when A is a simple non null CKY tensor, Z i are hypersurface orthogonal Killing vectors [1] , and here A is null, and consequently simple, and Z i are also hypersurface orthogonal Killing vectors. This fact is a direct consequence of (14).
Solutions with Z ∧Z = 0
Now we have b = 0, and Z = a ℓ . Then (10) impliesH(l) = 0 and, consequently, H = πĀ. From these relations, (12) states:
Moreover, the second equation in (9) implies d Λ = 0.
When Λ = 0, (23) implies ∇Z = 0. Then, from Z ≡ δF = √ 2aℓ we obtain that F is recurrent, ∇F = v ⊗ F , a condition which is incompatible with the CKY equation unless Z = 0. Consequently, the CKY tensor F is covariantly constant, ∇F = 0, and the space-time is a generalized pp-wave [9] , ℓ being the covariant constant null vector, ∇ℓ = 0. Then we arrive at the following result:
Proposition 4 Let us consider the space-times admitting a null conformal Killing-
Yano tensor A such that Z 1 ≡ δA and Z 2 ≡ δ * A are Killing vectors verifying
and only if, Z i = 0, and then the space-time is a pp-wave, whose metric line element is given by
The covariantly constant two-form is:
and the Ricci and Weyl tensors take the expressions:
On the contrary, when Λ = 0, (22) implies a 2 = −3π = − 3 2 Λ = constant > 0. So, ℓ is a Killing vector and
From this expression we obtain:
Moreover, the integrability conditions of (27) lead to
Then, if we consider the conformal metricg = ω 2 g, and∇ denotes its associated Levi-Civita connection, we obtain:
Consequently,g is a pp-wave and the covariantly constant two-form isF =l ∧p. From these results, proposition 4, and considering the changes in the Ricci and Weyl tensors by a conformal transformation, we obtain:
Theorem 2 For the space-times admitting a null conformal Killing-Yano tensor
Moreover the metric admits the Killing-Yano tensor * F , where:
The expression of ω = ω(x) follows from the integration of equation
Remark 4 Note that this theorem includes proposition 4 as the particular case γ = 0. We see that the family of metrics (30) are a counterpart with cosmological constant of the generalized pp-waves, and only a Λ < 0 is possible. These Λ-ppwaves (30) were considered by Siklos [10] (see also [15] ) and they could have been obtained here by integrating an exterior system as we have done in the previous case studied in section 3. Nevertheless, we have chosen to use previously known results and the fact that the metrics is conformal to a pp-wave. Note that they are plane-fronted waves (Kundt's class [11] ). On the other hand, in order to compare with the non null case it is worth stating the following. 
Proposition 5 In a non constant curvature space-time admitting a null conformal Killing-Yano tensor

Equation (23) and the reasoning above prove that (i) implies (ii), (iii) and (v).
Moreover (ii) and (iv) are trivially equivalent because K = F 2 = −ℓ ⊗ ℓ, and it is known that (iii) implies (iv). On the other hand, if (i) does not hold, neither (ii) nor (v) holds as a consequence of the study of the case Z 1 ∧ Z 2 = 0 presented in section 3.
Remark 5
In the non null case studied in [1] condition Z 1 ∧ Z 2 = 0 leads to a wide family of metrics which contains the Kerr-NUT charged and vacuum solutions and their counterpart with cosmological constant. In the null case studied here we obtain the pp-waves and their Λ-counterpart. But proposition 5 shows that both cases present similar properties. Moreover, here A is simple and Z is a hypersurface orthogonal Killing vector, similarly to what happens when A is simple in the non null case. In this case we also have the invariance L Z A = 0.
Analysis and extension of the Barnes results
The extension of the Jebsen-Birkhoff theorem to the null orbits was studied by Barnes in two papers [7] [8] . Below, we summarize some of these Barnes results in order to analyze and generalize them by using our results presented in this paper.
Barnes result 1.- [8] The metric line element of the space-times admitting a three parameter isometry group with two-dimensional null orbits (G 3 (2n)) is given by:
Barnes result 2.- [7] [8] A space-time which admits a G 3 (2n) and which is a pure radiation field, Ric = σℓ ⊗ ℓ, is a (generalized) pp-wave. Its metric line element is given by (33) with ν = ν(U ). Moreover, if the space-time is a vacuum or an invariant Einstein-Maxwell field, it is a plane wave space-time.
Barnes result 3.
- [8] A space-time which admits a G 3 (2n) and which is a vacuum solution with cosmological constant, Ric = Λg, is a plane-fronted wave with a metric line element given by (33), with ν =
A straightforward calculation leads to the following lemma which is useful to study the relationship between the results by Barnes and ours:
Lemma 1
The space-times with a G 3 (2n) given in (33) admit the null KillingYano tensor * F , where
Now we present several consequences of previous sections showing that the existence of a G 3 (2n) is a hypothesis of the Barnes results that can be weakened by only imposing the existence of a null Killing-Yano tensor. Hypothesis of proposition 4 equivalently states that a null Killing-Yano tensor exists. On the other hand, a generalized pp-wave is a generalized plane wave when H is quadratic in ξ,ξ, which can be characterized by ψ = ψ(u) [9] . If we write this last condition in terms of contractions of d ψ with the Killing-Yano tensor A, we obtain the following. Remark 6 This corollary generalizes the Barnes result 2 above by changing the G 3 (2n) condition to the weaker one of a null Killing-Yano tensor. This change is similar to that made in our generalization of the Jebsen-Birkhoff theorem for the case of non null orbits [1] . Nevertheless, it is worth remarking two important differences with the non null case. On one hand, in the case of non null orbits the generalized Jebsen-Birkhoff theorem implies the existence of a new Killing vector and a G 4 exists, and in our extension presented in [1] the existence of a Killing-Yano tensor (and no symmetries) implies the existence of a Killing vector. But in the null case, the Killing vector ℓ of the pp-waves in the Barnes result 2 was previously a Killing vector of the isometry group G 3 (2n). In our extension of the null case, with no Killing vectors a priory, we have a real Jebsen-Birkhoff-like theorem because a new Killing vector ℓ exists. On the other hand, the algebraic type of the Ricci tensor does not change by adding a term Λg, which is considered in the usual generalization of the Jebsen-Birkhoff theorem for non null orbits [6] , but is not considered by Barnes. Below, we extend our results to this case too. Moreover, note that our statement is a necessary and sufficient condition, that is, the pp-waves can be characterized as the pure radiation or vacuum solutions admitting a null Killing-Yano tensor. The pp-waves with a G 3 (2n) correspond to H = B(u, x) + y 2 C(u), which lead to the metrics considered in the Barnes result 2 with the change
Corollary 1 The space-times which admit a null Killing-Yano tensor
d u = ν 2 (U ) d U , v = V + ν ′ 2ν Y 2 , y = νY .
Remark 7
We can consider the second statement in corollary 1 as a generalization of the second statement of the Barnes result 2. Now we have no isometry group in the hypothesis, and we have expressed conditions which characterize the full set of the generalized plane waves [9] in terms of the element which appears in the hypothesis of our statement: the Killing-Yano tensor A. Equation ( d ψ, dψ) = 0 is another equivalent condition, also avoiding the use of coordinates, which turns into plane waves. Now we consider the more generic compatible Ricci tensor. From theorem 2 we can obtain a result that generalizes the first statement in corollary 1. Moreover, if we name Λ-plane waves the metrics of the family (30) such that H is quadratic in ξ,ξ, a straightforward calculation leads to the following. 
, ∆ψ 1 = 4γψ 1 . Remark 8 As commented in remark 4, the Λ-pp-waves in this corollary are the Siklos class of metrics [10] , which coincide with a subclass of the plane-fronted waves considered by Ozsváth et al. [16] . Siklos studied the admitted isommetry groups depending on specific expressions of function H [10] . It is known that the plane waves admit a G 5 group of isometries [11] , and from the Siklos paper it clearly follows that the Λ-plane waves can admit a G r group, r from 1 to 5.
As a direct consequence of corollary 2, we obtain. . Moreover, the metrics in corollary 3 are the Siklos vacuum solution (with cosmological constant) [10] , which has been interpreted as a gravitational wave in the anti-de Sitter universe [15] . In his paper, Siklos gives the explicit expression for the solution of equation (34).
Corollary 3 The space-times that admit a null Killing-Yano tensor
Finally, we present an alternative statement of theorem 1: 
